
Zeitschrift: Elemente der Mathematik

Herausgeber: Schweizerische Mathematische Gesellschaft

Band: 31 (1976)

Heft: 5

Artikel: QR in two dimensions

Autor: Kreyszig, Erwin / Todd, John

DOI: https://doi.org/10.5169/seals-31401

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les

éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal notice.

Download PDF: 15.03.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-31401
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en


E. Kreyszig, J. Todd: QR in Two Dimensions 109

7. Determinisme et libre arbitre. Entretiens recueillis et rediges par H.S. Gagnebin (Griffon, Neuchätel
1944).

8. La geometrie et le probleme de l'espace. 1. La doctrine pr£alable (1945). 2. Les trois aspects de la
geometrie (1946). 3. L'edification geometrique (1947). 4. La Synthese dialectique (1949). 5. Les
geometries non euclidiennes (1953). 6. Le probleme de l'espace (1956). (Griffon, Neuchätel).

9. Leitfaden der Planimetrie, F. Gonseth und P. Marti, 8. Auflage 1971 (Orell Fussli, Zürich 1933).
10. Aufgabensammlung der Planimetrie, F. Gonseth und P. Marti (Orell Fussli, Zürich 1939).
11. Elements de geometrie, F. Gonseth et S. Gagnebin (Payot, Lausanne 1942).
12. Analytische Geometrie der Ebene in moderner Behandlung, F. Gonseth und M. Rueff (Haupt, Bern

1946).
13. Philosophie mathematique. Chronique de lTnstitut international de philosophie (Hermann, Paris

1950).
14. Philosophie des mathematiques. Chronique de lTnstitut international de philosophie (Hermann,

Paris 1954).
15. Leitfaden der Geometriefür Sekundärschulen, F. Gonseth und E. Moser (Orell Fussli, Zürich 1955).
16. Philosophie neo-scolastique et philosophie ouverte. Entretiens du centre romain de comparaison et

de synthese; echange de vues entre un groupe de thomistes et F. Gonseth pendant et apres un
Symposium tenu ä Rome en 1952 (PUF 1954).

17. La metaphysique et Vouverture ä Vexperience. Suite en 1955 du Symposium de Rome de 1952

(PUF 1960).
18. Elementare und nichteuklidische Geometrie in axiomatischer Darstellung und ihr Verhältnis zur

Wirklichkeit (Orell Fussli, Zürich 1956).

QR in Two Dimensions

The QR process is one of the most efficient ways of determining the
characteristic values of a matrix. It is a unitary analog of the LR process of
Rutishauser [1]. However even the best proofs available are unfit for beginners'
consumption and the later developments of the process are not yet fully understood.
We present here a discussion of the two-dimensional case, in its simplest form. The
formal description of the process will be given in the «-dimensional case.

Let A be a complex nxn matrix. It is well-known that A can be written in the
form

A QR (1)

where Q is unitary and R upper triangulär. This is essentially the result of the
Gram-Schmidt orthogonalization process. Moreover, if we require the diagonal
elements of R to be positive, then the representation (1) is unique.

The ÖR-algorithm consists in deriving sequences of matrices {An}, {Qn},
{Rn} from A=AX by repeated use of (1). Given An=QnRn we form the reversed

product An+ x RnQn and factorize this as An+ x Qn + xRn+ x. Since

An+X RnQn= (Q$Qn)RnQn=Q*n(QnK)Qn=Q*nAnQn (2)
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the matrices {An} are all (unitanly) similar to A and have the same charactenstic
values as A The basic fact is that, in certain circumstances, the sequence {An}

converges geometncally to an Upper triangulär matrix, which has the charactenstic
values of A on the diagonal For discussions of this result see the original papers of
H Rutishauser [1], J G F Francis [2], V N Kublanowskaja [3] and more
recent work of B Parlett [4, 5, 6], A S Householder [7], G W Stewart [8]
and J H Wilkinson [9]

In practice, appropriate "shifts" are mtroduced and quadratic convergence can
be obtained

For simphcity we discuss the real two dimensional case Let

=u-y

be real and ummodular, det ^4 1 We compute the QR decomposition If, where
c cos6,s sm6,

—n-_-_ [o3
_y öj Ls —cj L0 CJ

then

c a(a2 + y2) xl2, s=y (a2 + y2) l/2

Next

Vc sl Va ß~\ Vc sl==r(a + S-(a/(a2+y2))y-ß-(y/(a2+y2))l
2 ls-c\ ly ö] ls -cj L -y/(a2 + y2) a/(a2+y2) J

Ifwe write

"«« ßn

then the recurrence relations determinmg an+ x, yn+ x are

^n+\s=s(^i + Sl)-(an/(al + yl))
«=1,2, (3)

yn+\=-yn/tä+yi)>

What we have to prove from (3) is that, in certain circumstances

an-+k,yn-~>0

where k is an appropriate characteristic value of A The Solution to non-lmear
Systems ofdifference equations such as (3) is not usually easy



E Kreyszig J Todd QR in Two Dimensions 111

We assume that A has a dominant charactenstic value k This means that A
has distmct real characteristic values which are reciprocal, since A is ummodular
We may assume that k is positive for otherwise we could deal with -A Hence

k + k l a + ö k, say, where k > 2

We discuss an example first We normahze the matrix

to a ummodular

2/V3 -1/V3-

with charactenstic roots \^3, l/\/3
Application of the relations (3) gives

«=i «=2 n=3 n=4
a„/V- 2/3 14/15 122/123 1094/1095

y„/V3= -1/3 1/5 -3/41 9/365

which mdicates that a„-> \/3, y„->0 The general form of an, yn can be conjectured
from the above table and estabhshed by induction We find

an 3x9" x+l (-l)nyn 2x3" l

V3 3(9nl+l)' V3 3(9" l+l)'
so that the convergence of {yn} is ultimately geometrie with common ratio % k~2

while that of {an} is ultimately geometrie with common ratio %=k~4

In the general real 2x2 case we can prove that

p(a2 + y2 + aq)-(a + q)
a"+l '

(a + q)2 + y2
(4)

^+1 (-D\„. „^„2,„ r(pg+i)
(a +^+ y2

where v^^-A"", jp=Jp„ v„+1/vw, tf 4„ -vn-\frn Since/?„~A, ^--A"1 this

gives <*„-?/., y„->0
In order to establish (4) we write xn an, yn= (- l)n yn m (3) to get

xn+\==k-(xn/(x2+y2)),yn+x=yn/(x2+y2), (5)
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which we combine as zn+ x k- zn/(znzn), 1 e

zn+x k-z-\n=l,2, (6)

where zr =xr + iyr,zr=xr- iyr

We have therefore reduced our problem to that of the Iteration of the
fractional hnear transformation

kz-l
w= (7)

z

This is a well-known problem An essentially geometrie Solution is given,
e g by T J FA Bromwich [10, p 22, ex 4] This depends on the fact that (7) can be

represented in the form

w—k
„ ,,/ z — k
k'2w-k'1

which gives

zn+x — k

fer) <7')

zx-k~x

so that zw-> k, as required We can denve (7) using the fact that a fractional linear
transformation with fixed points at 0,oo is necessarily linear, or by usmg the cross-
ratio property of fractional linear transformations For details compare, e g
Caratheodory [11, p 14] or Kreyszig [12, p 503]

A second method is simply to establish, by induction,

pzx+l
z ^zx + q

where zx a — iy and p=pn, q qn are as defined above Taking the real and

imaginary parts of (8) gives (4)
Our third method, preferable m the matrix context, follows We begin by

recalling that if

rrr aw+ß az + b
W= -, w= -

yw + o cz + d

then

H£s-»-i_-H3 n
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Thus the iteration of a fractional linear transformation is equivalent to the
powering of a matrix.

We use the following result.

Lemma. IfM is a 2 x 2 matrix with distinct characteristic values k, p then

JadX*-bcf -__(„»-0»)l
lcd{Xn-fi") -bcXn + adfi"] l '

where

is a unimodular matrix which diagonalizes M.
Proof. Either by induction or let D diag [k, p] so that T~XMT=D,

M TDT-x and

Mn={TDT~x}{TDT-x}... {TDT~ '}

TDnT-\

fa bl p" Ol r d ¦

Lc d\ LO M»\ l-c
ich gives (9), on multiplying out.

rk
We now observe that when A

—

T-(X-X-i)-*$ \~]],

a then

where A is as already defined. The rest of the discussion is a matter of elementary
algebra.

Writing as before, vn kn — k ~ n, we find from (9)

_ vn+x(xx + iyx)-vn
zn+\ xn+l~T~iyn+\ — ~

vn(xx + iyx)-vn_x

Multiplying above and below on the right by vn(xx — iyx)—vn_x and equating
real and imaginary parts shows that

1 ^«+is=(vS-vn+1vw_1)<y1/A
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where

D v2(x2x+y\)-2vn_xvnxx+ v2.x

This is another form of (4) We find that, as n -> oo,

f xn+\-^[2(k-k~x){a2+y2+l-ka}+0(k~2n)]/D,
(10)

yn + x (k-k-x)2y/D,

where

D [(a-k~x)2+y2]k2n+0(l)=0(Aln)

The relations (10) establish the convergence of the gjR-process
Note that when the matrix A is Symmetrie, as well as ummodular, we have

aö — y2=l, le, a(k — a) — y2=l, le a2+y2+l ka so that (10) gives
xn — k O (k~4n),yn ö(k~2n), in agreement with the numencal results m the special
case

Erwin Kreyszig (University ofWmdsor, Canada) and
John Todd (California Institute ofTechnology, Pasadena, USA)
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