
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 32 (1986)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: THE GEOMETRY OF THE HOPF FIBRATIONS

Autor: Gluck, Herman / Ziller, Wolfgang

Bibliographie

DOI: https://doi.org/10.5169/seals-55085

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les

éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal notice.

Download PDF: 14.03.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-55085
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en


HOPF FIBRATIONS
197

It will be sufficient to look only at the symmetries of H which take tl^e

fibre Ln {(« 0)} to itself, and hence are of the form (u, v) ^ {A(u)B(v))

wfiady itw tha, «tore mus, be a C e 50(8) such «ha. «»») - CM Mu)

for all m,ueCa.To show thai G is a nontrivial double «"»cnog of

S0(9)we must find a loopof C's which lifts to a non-loop of (A, is.

This can be done by using the Moufang identities, just as in the

proof of the Triality Principle. Recall from that proof that^if x is an

imaginary Cayley number of unit length, then A Lx, B - x an

c LXRX "works", that is, -Lx(mu) LxRx(m) L».Now let x describe a

: semi-circular path in the i, j-plane from to -i. At the beginning of t e

: path, C(m) imi, while at the end of the path C(m) (-iM 0 -
; Thus C describes a loop in S0(8). At the beginning of the path»
j (iu, -iv),whileat the end {A(u), B(v)) (-iu, «>). Hence (AB) describes a

non-loop in G.ThusG is the non-trivial double covering Spin(9) of SO(9).

QED

Here is a further indication of the extent of symmetry of the Hopf

fibration H: S1 ^ S15 S8. Orient the fibres.

Proposition 7.10. Let P and Q be any two fibres of H. Then a

preassigned orientation preserving rigid motion of P onto Q can be

extended to a symmetry of H. In parti,the symmetries act transitively

on S15.

By Lemma 7.7, the symmetries act transitively on fibres, so we may

take P Q L0.Topreassign an orientation preserving rigid motion of

L0 onto itself is to preassign the map A e SO(8) in the Triality Principle,

which then promises the desired symmetry of QED
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