
Zeitschrift: L'Enseignement Mathématique

Herausgeber: Commission Internationale de l'Enseignement Mathématique

Band: 33 (1987)

Heft: 1-2: L'ENSEIGNEMENT MATHÉMATIQUE

Artikel: ON THE GALOIS GROUPS OF THE EXPONENTIAL TAYLOR
POLYNOMIALS

Autor: Coleman, Robert F.

Kapitel: I. Review of the Newton Polygon

DOI: https://doi.org/10.5169/seals-87891

Nutzungsbedingungen
Die ETH-Bibliothek ist die Anbieterin der digitalisierten Zeitschriften. Sie besitzt keine Urheberrechte
an den Zeitschriften und ist nicht verantwortlich für deren Inhalte. Die Rechte liegen in der Regel bei
den Herausgebern beziehungsweise den externen Rechteinhabern. Siehe Rechtliche Hinweise.

Conditions d'utilisation
L'ETH Library est le fournisseur des revues numérisées. Elle ne détient aucun droit d'auteur sur les
revues et n'est pas responsable de leur contenu. En règle générale, les droits sont détenus par les

éditeurs ou les détenteurs de droits externes. Voir Informations légales.

Terms of use
The ETH Library is the provider of the digitised journals. It does not own any copyrights to the journals
and is not responsible for their content. The rights usually lie with the publishers or the external rights
holders. See Legal notice.

Download PDF: 02.04.2025

ETH-Bibliothek Zürich, E-Periodica, https://www.e-periodica.ch

https://doi.org/10.5169/seals-87891
https://www.e-periodica.ch/digbib/about3?lang=de
https://www.e-periodica.ch/digbib/about3?lang=fr
https://www.e-periodica.ch/digbib/about3?lang=en


L'Enseignement Mathématique, t. 33 (1987), p. 183-189

ON THE GALOIS GROUPS

OF THE EXPONENTIAL TAYLOR POLYNOMIALS

by Robert F. Coleman

Let

m 1 + x + ^ +... + ^
denote the nth Taylor polynomial of the Exponential Function.

In 1930, [S-2], Schur proved the following theorem about fn(x) :

Theorem (Schur). The Galois group, Gn, of fn is An, the alternating

group on n letters, if 4 divides n and is Sn, the symmetric group

on n letters, otherwise.

In this note we shall give a proof different from Schur's. Our ulterior
motive is to demonstrate the utility of Newton polygons.

We must :

A. Show that fn is irreducible.

B. Show that Gn contains a p-cycle for any prime number p between n/2

and n — 2.

C. Calculate the discriminant, Dn, of fn and determine when it is a square.

We need the following :

1. The main theorem about p-adic Newton polygons (see below).

2. Bertrand's Postulate [B], proven by Tschebyshev [T], which asserts that

for each integer ft, at least 8, there exists a prime number strictly between

n/2 and ft — 2. (See also [H-W] Chapter 22.)

3. The theorem of Jordan which asserts that if G is a transitive subgroup

of Sn which contains a p-cycle for some prime p strictly between n/2

and ft —2 then G contains An. (See [J-l], Note C and [J-2], Theorem 1

or [Ha], Theorems 5.6.2 and 5.7.2.)

4. The fact that the Galois group of a polynomial of degree n is contained

in An iff its discriminant is a square.
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We shall use 1 for A and B. This will imply Gn is transitive and

together with 2 and 3 will imply Gn contains An for n ^ 8. We shall use the

differential equation satisfied by the exponential function and 2 again to
perform C. Finally, we shall use 4 to complete the proof. (We shall also

require liberal doses of Galois theory.)

I. Review of the Newton Polygon

Let

g(x) a0 + axx + -P akxk

be a polynomial over Qp. Consider the points :

(/, ord(<2;)), 0 < i < k

in the Cartesian plane. The Newton polygon of g is defined to be the lower

convex hull of these points.

Example. The Newton Polygon of f7(x) considered over Q2, is

0 1 2 3 4 5 6 7

The main theorem about these polygons is :

Theorem NP. Let (x0, y0)> (xi > .Vi)* •••> (XP> yP) denote the successive

vertices of this polygon. Then over Qp, g factors as follows:

g(x)g1(x)g2(x)... gAx)
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where the degree of gt is xt — xt _ x
and all the roots of gfx) in

Example. The polynomial /7 has three factors over Q2, of degrees 4, 2

and 1, respectively, which have slopes — 3/4, —1/2 and 0.

Corollary. Let d be a positive integer. Suppose that d divides the

denominator of each slope (in lowest terms) of g. Then d divides the

degree of each factor of g over Qp.

Proof. It suffices to show that d divides the degree of each irreducible
factor of g. Let h be such a factor. Let a g Qp be a root of h. Since d

divides the denominator of the valuation of a (by Theorem NP), it follows
that d divides the index of ramification of the extension Qp(ol)/Qp which
divides the degree of the extension which equals the degree of h.

II. Application to the Exponential Taylor Polynomials

Fix a prime number p.

Lemma. Suppose k is a positive integer and

k a0 + app + asps

where 0 ^ at < p. Then

We call the rational numbers, the slopes of g.

ord(/c!)
k — (a0 + a1 + + as)

p - 1

This is easy and well known.
Now write

n bxpni + b2pn2 + + bspns

where n1 > n2 > > ns and Ö < bt < p. Let

xi biPni + - + biPni •
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