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5. Lower bounds

Now we will consider generalized F0lner sequences for functions / such

that

pf>\\p\\f-
This will enable us to obtain some lower bounds on the norm of random

walk operators on graphs.

As in Section 3, let X be a connected, locally finite graph and let P be

the simple random walk operator on X.
In this section we will prove the following lower bound on the norm ||P|| :

THEOREM 8. Let X be a graph such that at each vertex there are at most

k edges. Then

The norm of the random walk operator ||P|| is equal to for the

random walk on the tree which has k edges at each vertex. In [9] Kesten

proved this lower bound in the case of Cayley graphs.

Proof of Theorem 8. Let us consider a graph X such that at each vertex
there are at most k edges. We can suppose that k > 3 because for k — 2

we obtain subgraphs of Z or finite graphs, and necessarily ||P|| 1. As it is

enough to prove the desired bound for any connected component of X, we
can suppose that X is connected.

In order to show that ||P[| is large enough, we will construct a sequence
of functions fn G /2(X, N) such that

r \\Pfn\\p(X,N) ^ 2yjk — 1

limsup TFÏI 1— •

«->+oo \\Jn\lp(X,N) K

Let us endow the set of vertices of X with a metric. The distance between
two vertices is the smallest number of edges needed to connect them. Let us
choose a vertex e in X and for a vertex v let us denote by \v\ its distance
from e.

Let / be the unique (up to translations and multiplications) radial
eigenfunction of P on the homogeneous tree of degree k, corresponding
to the eigenvalue 2v^~T, which is the norm of P on this tree, i.e.



346 A. ZUK

(is /W=3(W)=(^M + ,)(-sLf)M.
Using (15) we can define / on X. We then prove

LEMMA 6. For any vertex v G X,

Pf(v)> 2v^ ~ V(g).
k

Proof. Ft v e the result is clearly true. Let us consider then a vertex

v E X such that n | vj > 1. Let the number of neighbors of v which are at

a distance n — 1 or n from e be equal respectively to p and q. So the number
of neighbors of v which are at a distance n + 1 is equal to N(v) — p — q.
Hence

Pf(v) (p#(« - 1) + ^(w) + (N(u) - /? - + 1)3

As p > 1 and g is a decreasing function,

m») > ttJ-T (<?(« - 1) + - + 1))
N(v)

As N(v) < k and g(n — 1) > <7(71 + 1),

Pf(v) > J (g(n -1) + (k - l)g(n + 1))
2^^7

1

Let us denote by Sn and J5n the vertices which are respectively at a

distance n and less than or equal to n.

Lemma 7.

Eves„+lf2(v)N(v)

EveB„f2(v)N(v)

Proof As 1 < N(v) < k it is enough to show that

E^„+1/2(«>
E,e*„/2W ~^°° '

Let us denote a«DAv) I

v£Sn

As \Sn+i \ <(k — l)|Sft] one has
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(16) an+§ \S„+i\g2(n+l) < (k-l)\S„\g2(n+l) ^1 + ^ +

We have to show that

^2vesn+if kO
_ an+\ n

(17) "= - - — " : >n-^oo u •

&n

T,vgbJ2(v">

It is a standard exercise to show that (16) implies (17).

Let fn be the sequence of functions which are restrictions of / to the

vertices that are at a distance not greater than n :

fn =/k •

By Lemma 6 and Lemma 7 it follows that

\\Pfn\\p-(X,N) ^ 2\/& ~ 1

which proves Theorem 8.

Some examples of upper bounds on the norm of the simple random walk

operator on graphs and their comparison with the lower bound from Theorem 8

can be found in [22].
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