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2.4 The p-adic number field
Let p be prime. We shall use Xp to represent the p-adic integers, and

Qp the p-adic rationals. Let {-| denote the p-adic absolute value on Qp,

normalized so that \p\ p~l. Let Qp be the algebraic closure of Qp. The

absolute value on Qp extends uniquely to Q^, however is not complete
with respect to the absolute value. Let Cp be the completion of Qp with
respect to this absolute value. Then the absolute value extends to Cp, and Qp
is dense in Cp. We also have Cp algebraically closed. Furthermore, on Cp

the absolute value is non-Archimedean, and so

\a + b\p < max{\a\p,\b\p}

for any a,b G Cp. Note that the two fields C and are algebraically
isomorphic, and any one of the two can be embedded in the other. We denote

two particular subrings of in the following manner

o {aeCp: \a\p <1}, p {a e Cp : < 1}.

Then p is a maximal ideal of o. If r e Cp such that |r|p < \p\p, where
s e Q, then r epso,andso we shall also write this as r 0 (mod

Any neZ,n>0, can be uniquely expressed in the form n
where ameZ,0 < am<p-1, for m0,1,.. and ^ 0. For such

n, we define
k

Spip) ^ '
klm ;

m=0

the sum of the p-adic digits of n, and also define 0) 0. For any G Z,
let vp(n) be the highest power of p dividing n. This function is additive, and
relates to the function sp(n) by means of the identity

(8)
n - sp{n)

'

which holds for all n>0. Note that for n > ] this implies that

vP(n\)<-—J.
P- 1

The definition of this function can be extended to all of Q by taking
vpil/n) =-Vpin).

Throughout we let q4 if p2, and otherwise. Note that there
exist cj){q)distinct solutions, modulo q, to the equation x'iAq> -1 0, and each
solution must be congruent to one of the values Z, where 1 < <
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(a,p) — 1. Thus, by Hensel's Lemma, given a £ Z with (a,p) 1, there
exists a unique cu(a) e Zp, where uj(a)^q) 1, such that

uj(a) a (mod qZp).

Letting cu(a) 0 for a G Z such that (a,p) ^ 1, we see that a; is actually a

Dirichlet character, called the Teichmüller character, having conductor fUJ= q.
Let us define

(a) — Lü~l(a)a.

Then (a) 1 (mod qZp). For p > 3, limn-+00apn uj{a), since
a?n m a (mod p) and apn(p~~1^ 1 (mod pn+x).

For our purposes we shall need to make a slight extension of the definition
of the Teichmüller character u. If t G Cp such that \t\p < 1, then for any
a e Z, a -f qt a (mod qo). Thus we define

uj{a + qt) lo(a)

for these values of t. We also define

(a + qt) — u)~l(a)(a + qt)

for such t.
Fix an embedding of the algebraic closure of Q, Q, into Cp. We may

then consider the values of a Dirichlet character x as lying in Cp • F°r n e Z
we define the product Xn — in the sense of the product of characters.

This implies that fXn \fxq. However, since we can write x — Xn^n, we also

have fx \fXnq. Thus fx and fXn differ by a factor that is a power of p. In
fact, either fXn/fx G Z and divides q, or fx/fXn G Z and divides g.

Let Qp(x) denote the field generated over by all values x(a), a eZ.
In this context we can state the following, found in [13] (pp. 14-15).

Lemma 2.2. In the field Qp(x)> for all n e Z, n> 0,

^n x ~rM~ (^n+1'X {p fx) ~Bn+l,x(0))
At ~~I 1 H OO JX

From this we can obtain
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Lemma 2.3. Letr G Cp. Inthe field Qp(x, D,for Z, n > 0,

j
p%

Bn,x„(r) Urn -tt*"(a)(a+ r)" •

P Jx a==1

Proof. By applying Lemma 2.2 to (4), we obtain

J
rVx

Therefore, by (2),

n / \ + P fxn

m=£ y,'i^S *.<«»"
m=0 V 7 r J Xn a=1

h f
1

P ÎX» H / „\
h^Phfx„t 1=oW

Since /x and /X(1 differ by a factor that is a power of we must have

j f"/x

ß«,x„(T) lim -F?- E Xn(a)(a + rf, h^°° P fxGl

and the proof is complete.

2.5 p-ADIC FUNCTIONS

Let K be an extension of Qp contained in Cp. An infinite series a" '

an G K, converges in K if and only if \an\ —> 0 as n — oo. Let ^[[x]] be

the algebra of formal power series in x. Then it follows that a power series

oo

A(x)
71 0

in ^[[x]], converges at x £, £ G Cp, if and only if \antf\p —> 0 as n oo.
Therefore whenever a power series A(x) converges at some e Cp, then it
must converge at all £ G Cp such that \£\p < ||p- The following result, for
double series in K, can be found in [8].


	2.4 The p-adic number field

