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where the power series converges in the domain D, and

l-i, 1

1
•

Since Lp(s, r; x) is defined for each t e Cp such that | r) < 1, we now
have a p-adic function of two variables, Lp(s7t;x)i where s £ D, s ^ 1 if
X 1, and t £ Cp with \t\p < 1.

4. Properties of t; x)

Most of the properties that follow are direct consequences of similar

properties that hold for the generalized Bernoulli polynomials. In all of the

following we will take p prime and x a Dirichlet character with conductor fx.

4.1 A SYMMETRY PROPERTY IN t

The first property we obtain regarding Lp(sft\x) is a direct consequence
of the generalized Bernoulli polynomials being either odd or even functions,

except when x 1- Recall that Lp(s,t;x) interpolates the values

(18) Lp(l-n,t,x)~~-bn(t),
n

for n G Z, n> 1, and t G Cp, |*| < 1, where

(19) bn(t)B„tXn(qf)-Xn(p)pn~lBn}Xii (p~lqt)

and we define

(20) Cn(t)Y,0m=0 ^ '

LEMMA 4.1. For all n £ Z, n> 0, we have

BnA-t) (-iy%,i(0 -
Proof. This holds for n 0 since 2?o,i(0 — 1

• Now assume that n > 1.

Because Z?n i 0 for odd n > 3, we can write (2) in the form

m=0
n—m even

^/I,l(0 — f J FnBi^Pn— 1
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Any m such that n — m is even must have the same parity as n. Thus

Bn,l(-0(-D" Y;ft18"-"1'11"1
jn,m=0

n—m even

n— 1

From the value Fi,i —B\ 1/2, the lemma then follows.

LEMMA 4.2. For all n G Z, n > 0,

- X(- Vbn(f).

Proof. This is obviously true for n 0 since

and Fo,x 0 except when x 1, in which case Bop 1. So we can assume

that n > 1.

First consider the case of Xn 1
• This implies that x By Lemma 4.1,

bn(-t) Bn^(—qt)-pn~lBnA(- p~)(-irBnA(qt)-(-l)nn(qtr^

- pn~l {{-l)nBn^ (p~lqt) -(-1
(-1)" {Bn,i(qt)-pn~lBHti
(-!)"WO •

Since x~^n and ^(—1) — 1, the lemma holds for x«
Now suppose that Xn 1

• Then, from (3),

W~0 - Xn(p)Pn~1B„,Xll (~p~lqt)

((BntXu(qt)-Xn(p)pn~1B,ltXii (p~lqt))
(-l)"Xn(-l)W0-

Note that x« X^-", which implies that \„( 1) • 1 )"y( I Thus the
lemma also holds for x« 7^ 1

•

Since the lemma holds for both x* 1 and \n + 1, the proof must be
complete.

Using this result, we can prove
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THEOREM 4.3. Let te Cp, \t\ < 1, and s G D, except s ^ 1 if x~ 1-

Then

Lp(s, -r; x) *; x) •

Proof From Lemma 4.2 we see that

£«(-0 x(-DW).
Also, (20) implies that

cw(-0 » x(-1)^(0-
From (16), whenever n > — 1,

«n(-0 X(-lKWî
which implies that

LpC*, -f; x) X(~ l)£PCs, *; x) • Q

If x(— 1) — 1 and r= 0, then

Lp(s,0;x) -Lp(s, 0;x),

which implies that

£pfox) ~Lp(s;x),

and thus Lp(s\x) — 0 for all s £Q, as we would expect.

4.2 Lp(s,t;x) as A power series in r- a, a G Cp, \a\ < 1

To develop Lp{s, t\ x) in terms of a power series in £ will enable us to
find a derivative of this function with respect to this second variable. All this

we shall do, but before doing so we need to specify some notation.

LEMMA 4.4. Let t G Cp, |t\p < 1. Then for n E Z, n > 1,

lim ^JLpCj + w^jx) -- (1 - x(p)P_1)^o,x
\ n J n v 7

Proof Recall that, from Theorem 3.13, we can write

/ oo

f; x) ~yry + 53 ~ 1)m'

m=0

where a_i(0 (1 — x(p)P~l)Bo,x- Thus
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