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Chern-Simons Solitons and a Nonlinear Elliptic
Equation
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Department of Applied Mathematics and Physics

Polytechnic University
Brooklyn, New York 11201, USA

(12.III.98)

Abstract

We prove an existence theorem for the following quasilinear elliptic equation

N

(l-e")A«= |Vu[2eu- A(l - eu)2eu + 4tt Ysp,
j=l

over the full plane subject to the boundary condition that u —> 0 as \x\ —> oo,
where A > 0 is a physical parameter and 5P is the Dirac distribution concentrated

at the point p. The solutions of the equation are vortex-like multi-solitons
arising in a unified relativistic self-dual Chern-Simons theory.

1 Introduction
It is well known that relativistic self-dual Chern-Simons models [7. 8. 9. 10, 13, 15]

appear in quantum field theory as approximations of the physically important anyon
models which have applications in high-temperature superconductivity and quantized

Hall effect. The Chern-Simons solitons behave like dually (electrically and

magnetically) charged particles [1. 12. 16. 21. 22] which are absent in the classical

(2 4- l)-dimensional Yang-Mills theory. Self-duality [2] singles out a unique situation
in which multi-solitons exist to saturate various quantized energy levels as in the
Abelian Higgs model [11]. However, unless the model is nonrelativistic. the nonlinear
governing equations are always nonintegrable and one has to pursue their solutions
by functional analysis [4, 5, 17, 18. 19]. Since these solutions are absolute energy min-
imizers, they are relevant in quantum theory in sense of perturbative constructions.

'This work was supported partially by the National Science Foundation under grant DMS-
9596041
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Here we study a more general, unified, Chern-Simons model [3] for which the
existence problem was previously solved [20] only in the category of radially symmetric
solutions in the framework of [6] but the problem of existence of multi-solitons has
been left open due to the nonlinearity involved in the governing elliptic equation. The
aim of this paper is to solve this problem: we will prove, by a globally convergent
(constructive) method, the existence of multi-solitons in the general Chern-Simons
model originally proposed in [3].

The rest of the paper is outlined as follows. In the next section we introduce the
Chern-Simons equations to be studied and state the results for the existence of multi-
sloitons. In Section 3 we reduce the Chern-Simons equations into two equivalent
nonlinear elliptic equations, quasilinear and semilincar, respectively, and state the
results for the existence of solutions for these PDE's. In Section 4 wc provide proofs.
In Section 5 we return to the Chern-Simons equations again and calculate the energy
of a multi-soliton solution. In Section 6 we show that the solutions of the Chern-
Simons equations obtained earlier may be used to get multi-soliton solutions of the
general self-dual Abelian Higgs equations, also found in [3].

2 Multi-solitons
We use cp to denote a complex scalar field and and 4 (Ax, A2) a vector field, both
defined over the full plane, R The relativistic self-dual Chern-Simons equations to
be solved are

Dxcp iD2ô, (2.1)

(l-|cf)F12 i(DxtPD7(p-D^D2lp) + ^X(l-\o\2)2\o\2, (2.2)

where D3(p djtp + iAjtp (j 1.2) are the gauge-covariant derivatives, i \/—l.
and F12 dxA2 — d2Ax is the curvature tensor or magnetic field. We will look for an
V-soliton solution of the above system so that <? vanishes exactly at the arbitrarily
prescribed points Pi,p2,- ¦ ¦ -Pn £ R and

M-n, (i-|ó|2)(|p1o| + |p20|)^o

as |i| —» oo due to the standard finite energy requirement. The integer N in fact
corresponds to the homotopy class of the solution in the framework of a well defined

topological classification [11].

By (2.1), we may rewrite (2.2) in the form

(1 - H2)Fi2 -\D-M2 - \D2à\2 + l-X(l - \<p\2)2\6\2, (2.3)

On the other hand, with the notation

d= ~(dx-id2), a 41+i42,
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we can put (2.1) into the form

2i<9ó o0 or ä =2id\ri cp. (2.4)

Consequently, away from the zeros of <p, the curvature FX2 becomes

F12 -[(da-da) -2(ddh\0+ ddlnaS) -2<9dln|cz>|2 —^Aln |^|2.

The equation (2.1) implies that, locally, up to a vanishing factor. cp is analytic in
the variable z xl — ix2 (see [11]). Hence there are finitely many zeros of <p, say

Pi,P2,---,Pn in R2 C.

Here is our main existence result for multi-soliton solutions of the Chern-Simons
equations (2.1), (2.2).

Theorem 2.1. For given the points Pi,p2, ¦ ¦ ¦ ,Pn 6 R
; the system (2.1), (2.2) has

a solution (cp, A) so that cp vanishes precisely at Pi,Pi,-- • ,Pn and the solution is
characterized by the topological asymptotic property

|0|2 1 + 0(e~^l~^). (1 - H2)(|Pi0| + \D2<P\) 0(e-^^-^),
as \x\ —> oo, where e is any number lying in the interval (0,1). Moreover, the energy
of the solution is quantized and is proportional to the number of zeros of cp, N.

3 Reduction to PDE's
We note that, if <p is written locally as cp ea+lu where a and u are real-valued

functions, then (2.4) implies the useful relations

Dlfp (d + d)ó-(Kdj-^y=2cP(do), (3.1)

D2cp i(d-d)cp-i(—-^t)cp -2icpdo. (3.2)
V Q O I

Introduce now the real variable u ln \cp\2. From (3.1) and (3.2), we have

\DXÓ\2 + \D2tP\2 4|cf (|cV|2 + |5a|2) ^e"|Vu|2. (3.3)

Substituting (3.3) into (2.3), we arrive at the following quasilinear elliptic governing
equation

N

(l-eu)Au-eu\Vu\2 -X{l-eu)2eu + inYSPj in R2, (3.4)
j=i

where Sp is the Dirac distribution concentrated at the point p £ R2 and the unknown

u is subject to the boundary condition u(x) —> 0 as |x| —> oo.
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The second-order scalar equation (3.4) and the first-order system (2.1), (2.2) are
equivalent. In fact, if u solves (3.4). then define the complex scalar function cp by

cp(z) exp (-u(z) + i YJ arg(z - p^) V z xl-ix2 (3.5)

and the vector field 4 by (2.4). It can be examined [11] that (cp.A) is a smooth
solution of the system (2.1), (2.2). Hence we may focus on (3.4).

Theorem 3.1. For any A > 0 and the prescribed points Pi,p2-- ¦ ¦ ,Pn £ R2, the

equation (3.4) has a negative solution that vanishes at infinity according to the rate

|u| + |l-eu||Vu|= 0(e-"/Tx[1-F-)M),

where e is an arbitrary constant, lying in the interval (0.1). Moreover, there holds the

quantized integral
X [ ,(l-e")V =4ttV.

Jk'

In order to solve (3.4). we consider a new dependent variable w defined by

w F(u) l + u-eu. (3.6)

Then, formally, the equation (3.4) is transformed into the following semilinear equation

N

Aw -A(l - eGM)2eG(u,) + 4t: VJ öPj x£ R2 (3.7)
j=i

subject to the same boundary condition, w(x) —> 0 as j.x| —> oo, where G is the
inverse function of F: G(w) F~1(w). Clearly, both F and G are 1-1 from the
interval (—oo, 0] to itself. Consequently, in the category of negative solutions. (3.4)
and (3.7) are equivalent. We are to find a negative solution of the boundary value
problem: w solves (3.7) and fulfills the condition w(x) —> 0 as |x| —> oc.

Theorem 3.2. For any A > 0 and prescribed points p\.p2, ¦ ¦ ¦ ,p\ £ R2, the equation
(3.7) has a negative solution that vanishes at infinity according to the rate

\w(x)\ + | Vto (z) | 0(e'VTx{l-c)M).

where e is an arbitrary constant lying in the interval (0.1). Moreover, there holds the

quantized integral
A /\(l-eG(,"))2eG<u')=47rA.

Jk

We shall first prove Theorem 3.2 in detail and then derive the corresponding
implications stated in Theorem 3.1 and Theorem 2.1.
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4 Existence proofs
There are two difficulties with (3.7). The first one is that, although (3.7) has a
variational principle (see the functional I defined by (4.8)), the function G is only
meaningful on the half line (—oo. 0] and any minimization sequence has to stay within
such a constraint. The second one is that, although (3.7) has a convenient supersolution,

it has been elusive to obtain a comparable subsolution, which obstructs the
method of monotone iterations. In our proof, we combine the favorable aspects of
these two features to obtain a proof which may be described as follows. We begin
by using the supersolution to start an iterative sequence {vn} so that each vn stays
within our required constraint range. We then use the variational structure to control
the sequence {vn} from below. Finally, we take limit to arrive at a solution.

To proceed, we use the background functions

Wo -YHl + \x-Pj\-2), fl0 4yj(l + |x-Pj|2)-2 (4.1)
}=1 i=l

and the substitution w Wo + v to recast (3.7) into the form

Av -A(l - eG("o+"))2eG(»o-hO + go. (4.2)

By the definition of w0, we need to find a solution of (4.2) that vanishes at infinity.
To solve (4.2), we consider the iterative scheme over R2 defined by

(A-P>n+1 -X(l-ec^+v^)2eG^+^-Kvn+g0, (4.3)

vn+x -+ 0 as |x| -> oo. n 0.1,2, •••, (4.4)

v0 -w0, (4.5)

where the constant K is so large that K > 2A. We will show that (4.3)-(4.5) give us

an approximation sequence that goes to an exact solution of (4.2) as n —¥ oo.

Step 1. The scheme described in (4.3)-(4.5) defines a monotone sequence {vn} in
the space W22(R2) which satisfies the property

-Wo v0 > vx > v2 > ¦ ¦ ¦ > vn > ¦ ¦ ¦. (4.6)

We use the notation r |z|. First note that vo —wq =0(r~2) near infinity. So

vc £ L2(R2). On the other hand, since G(0) 0, vx satisfies

(A - K)vx -Kva + g0.

By T2-theory for elliptic equations, we see that vx £ W2,2(U~). In particular, vx 0

at infinity. Besides, since vq satisfies

N

(A -K)vo -Kva + go - Ak Y 5v3 >

j=i
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we have (A — K)(v\ — vq) > 0. By the maximum principle and vx — vo -+ 0 as

\x\ -+ oo, we have vx — Va < 0.

In general, we assume that v0 > vx > ¦ ¦ ¦ > vn, vx,- ¦ ¦ ,vn £ VF2-2(R2), and we
consider vn+x. To show that vn+x £ VF2-2(R2), it suffices to see that the right-hand
side of (4.3) belongs to L2(R2). Since G(wo + vn) < 0. wc need only to show that
(1 - eG(wo+v„))2 £ L2(E2). Of course, we have only to check what happens at infinity.
To this end, we observe the finite limit

^^ >- - lim 2(1 - eG^)eG^G'(s)lim ^ '- - lim 2 1 - eÜW)e wG'(s -2 (4.7)
s->0- S s-*0~

which suggests that, away from a local region, (1 - eG(wo+vn)y ^ Wq + Vn e /_,2(|R2)

as expected.
Define the function P(s) -A(l - eG(s>)2eG<s\ s < 0. Then (4.7) says that

P'(0~) 2A. Besides, for s < 0, we have

P'(s) 2Xe2G{s) - A(l - eG(s))eG(s) < 2A

because G(s) < 0. Hence we have in general P'(s) < 2A, s £ (—oo, 0]. Therefore
we obtain (A - K)(vn+X - vn) P(w0 + vn) - P(w0 + vn-X) - K(vn - vn-X)

(P'(0 ~~ K)(vn — vn-X) > 0 by K > 2X and vn-X > vn, where Ç lies between to0 + vn
and wo + vn-X. Thus the maximum principle gives us vn > vn+l.

Since it is hard to obtain a suitable subsolution to bound {vn} from below, we

turn to a method using energy estimates.

Step 2. We formulate the energy functional

I(v) fk2{\\Vv\2 + \x(l-eG(w°^)iAgQv}, v £ Wl-2(U2). (4.8)

It may be shown formally that (4.2) is the variational equation of (4.8). However, due

to the fact that G is only defined for w0 + v < 0 and the inconvenient nonlinearity
present, it is difficult to minimize (4.8) directly. Here we consider the values of / over
the sequence {^n} instead.

We can establish the following monotonicity property

• • • < I(vn) <¦ < I(v2) < I(vx) < oo. (4.9)

We have already shown that (1 - eG(wo+Vn))2 £ L2(R2). Hence the finiteness of
I(vn) follows. Next, multiplying (4.3) by vn+x — vn and integrating by parts, we have

ä{|V-yn+1|2 - Vvn+X ¦ Vvn + K(vn+X - vn)2}
k

X Jk2(vn+X - Vn)(l - eG(»o+,n))2eG(IUO+,„) _ J^ go{Vn+i _ Vn)_ (4 10)

We consider the function

\&(s) jX(l - eG{wo+s))A - ]-Ks2, wo A s < 0.
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It can be examined that $(s) is concave down: \&"(s) < 0. Hence

^(s2)<^(sx) + ^(sx)(s2-Sl), sx^s2. (4.11)

Inserting s2 vn+x, sx vn into (4.11), we get

A(l_eG(wo+„„+l))4 < ^(1_eG(«,o+«.))4 + |K+i_Un)2

-A(l - eG(«'o+«n))2eG(«.o+».n)(Un+1 _ Vn) (4 12)

Using (4.10), (4.12), and |Vvn+1 ¦ Vvn\ < ||Vun+1|2 + ^|V?;n|2, we get

Jk*{ìÌVVn+l]2 * \\Vv^^K^+i-Vn?)

< __ f f\\ _ gG(wo+v„+i)j4 _ h _ eG{u>o+Vn)l4\

+
Jk2 ~2~^n+1 ~ U")2 ~~

Jk'
9°(Vn+l ~ Vn^

or, in other words,
K r

JK+i) + y JkAvn+i - ^n)2 < /(>„), (4.13)

which proves the inequality (4.9).

Step 3. We now estimate the sequence {I(vn)} from below. In particular, we
obtain H/1-2-boundedness of the sequence {vn}.

Using (3.6), we have w 1 + G(w) — eG^w\ Therefore

1 - eGW - (1 - ew) ew- eG(-w) e«(w - G(w)) ef (1 - eG^) > 0, w < 0,

where £ lies between u; and G(w). Hence, the above leads us to the following useful

comparison,
0 < 1 - ew < 1 - eG{w\ w<0. (4.14)

On the other hand, for the function

t)(w) (l-eG{w))2 + w, w < 0,

it can be checked that r]'(w) < 0 when w £ (G~l(— In2).0] and r/(0) 0. Hence

T)(w) > 0 or (l-eGW)2 > \w\, w £ [G_1(- ln2), 0]. (4.15)

Moreover, in view of (4.14), we have

(1 _ co(»))4 > (i _ eGW)2(i _ ew)2 > 1(1 - e1")2, w < G"^- In 2). (4.16)
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Besides, it is straightforward to show that

1 + \w\

As a consequence of (4.14)-(4.17), we obtain for the function w0 + v < 0,

j (1 _ eG(»0+«))4 _ ff +f \fl_eG(wo+v))4
Jk \Jwo+v<G-l(-\n2) ÌG-1(-ln2)<u,'o+u<0 /

>-( (1 - e«"*")2 + / (w0+v)2
4 Jwo+v<G-1(-ia2) Ja-i(-\n2)<wo+v<0

If \wg + v\2 1 t V2

- A)k2 (l + \wo + v\)2~ %Jk2 (l + \wa\ + \v\)2
U K '

by noting that w0 decay like r~2 at infinity and a simple interpolation technique.
Let || • ||p denote the standard V norm over Rn. We recall the following well

known Nirenberg-Gagliardo interpolation inequality in Rn:

•¦iq l\\D>u\\p < C||DmuOU||

where j, m are integers so that 0 < j < m and t satisfies

1 j /1 m\ ,1 j- — + t[ +(l-t)-, — <o<l,
p m \r nj q m

and G > 0 is a constant depending only on j, m, n, p, q, t. The useful special case for
us is when n 2, j 0, m 1. p 4, r 2, q 2. Hence t 1/2 and we have

|H|^<C||VU||2|H|2. (4.19)

We will use (4.18) and (4.19) to obtain a desired lower estimate for the sequence
{I(vn)}. In this following, we denote by G any positive constant which may assume
different values at different places.

By (4.19) and the Schwarz inequality, we see that for any e > 0 there holds

fk*90v < \\9o\U/z\\v\U < C\\v\U

Q
< e||i>||2 + -||Vv||2 + C

< e\\v\\2 + ]\\Vv\\l + ^- (4.20)

Inserting (4.18) and (4.20) into (4.8), we have the lower bound

Hv) > \ /h, |V,|2 + A Jk2 -j - £|H|2 - % - C. (4.21)
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To proceed, we further apply (4.19) to write down the estimate

2

< c(IHIi + ll^llv,||! + i)/k2(1 + |^+H)2

* >2 + C{(/^(i + kI+H)2)4 + I|V^ + 1}- (4-22)

Combining (4.21) and (4.22), we arrive at

|H|2<G{l+/k2(|V,|2+(i + |^+H)2)}. (4.23)

Substituting (4.23) into (4.21), we obtain

IMl2<c{j(u) + e|M|2 + l + l}. (4-24)

From (4.24), we immediately deduce the lower bound

I(v)>Cx\\v\\wui(}e)-C2, (4.25)

where Gi, G2 > 0 are uniform constants.

Step 4- We can now achieve convergence of the sequence {vn} to a solution of the
governing equation (4.2) that vanishes at infinity.

In fact, applying the inequalities (4.9) and (4.25) with v vn (n 1, 2, • ¦ •), we
see that {vn} is a bounded sequence in W1'2(R2), which must be weakly convergent
to some w £ FV1,2(R2) because of the monotonicity property (4.6). Moreover, when
we recall that the sequence {vn} comes from (4.3), namely

(A - K)vn P(wa A vn-x) - Kvn-i + g0, n 1, 2, ¦ ¦ •,

and |P'(s)| < 3À, the L2-theory for elliptic equations gives us W2'2-weak convergence
of the sequence {vn} whose limit w of course is a weak solution of the original equation
(4.2). Since we are in two dimensions, any JV2,2(R2) function vanishes at infinity.

Step 5. Put w wo + v. Then w solves (3.7) and w 0 at r oo.

Step 6. We now obtain the expected decay estimates near infinity.
Linearizing (3.7) around w 0 near infinity, we have Aw 2Xw. Hence, we may

use a suitable comparison function to show that w(x) =0(e~^2^1-£'la:l) as |a;| —» oo.

Furthermore, differentiating (4.2), we see that V djV satisfies the equation

AV P'(wo + v)V + P'(wo + v)(djw0) + dóga.
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Hence a similar argument as before gives us V £ IV2'2(R2). In particular, V 0 at
r 0. Set W djW with w w0 + v. We see that W 0 at r oo as well.

Differentiating (3.7), we obtain, away from a local region, the equation AW
P'(w)W. Since P(w) —¥ 2X as w —> 0, we see that W satisfies the same exponential
decay estimate as that for w.

Step 7. We finally derive the quantized integral.
To avoid confusion with singularities, we work on the regular version of the equation,

(4.2). By the definition of go given in (4.1), we easily see that

k̂ ga AttN. (4.26)

On the other hand, from d3wa =0(r~3) at infinity and d3v d3w — d}w0, we have

djV =0(r~3) at infinity (j 1,2). Hence

L Av lim 9 —— ds 0.
k p^°°J\x\=p an

Integrating (4.2) and appling the above result, we obtained from (4.26) the quantized

integral

A [(1 - eGW)2eGW =XL(1- eG(."0+«))2eG(W0+«) 4?rA.

The proof of Theorem 3.2 is complete.

Since the obtained solution w is negative, we can use u G(w) to get a solution
of (3.4) which enjoys the decay estimate stated in Theorem 3.1. In fact, by (3.6), we
have

u(l + e?(u)) =w; (I - eu)(dju) djW, j 1,2,

where Ç(u) —>¦ 0 as u -+ 0, which yield the expected result. The quantized integral is

a direct consequence of the result for (3.7). Hence Theorem 3.1 follows.

5 Quantized energy
Let u be the solution obtained in Theorem 3.1. Define the field configuration pair
(è, A) by (3.5) and (2.4). Then (cp, A) is an iV-vortex solution of (2.1), (2.2). It
can be checked that the asymptotic estimates obtained in Theorem 3.1 are enough
for calculation of various physical and topological quantities in the model. As an
illustration, we now calculate the energy of an TV-vortex solution.

Following [3], we write down the energy associated with (cp, 4) as follows,

/h'(r> ]F12 - ilDxcpD2cp - D2cpDx

+2A(1 - H2)2(|P^|2 + \D2cP\2) + \x2(l - \cp\2r\cp\2 \ (5 1)
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Inserting (2.1), (2.2) into (5.1), we have

E xJk2{(l-\<P\2yFx2 + 3(l-\cP\2)2(\DxcP\2 + \D2cP\2)}

~lim(. {(l-e")3AU-3(l-eu)V|Vu|2}2p^oJk2-u^iBP(Pl)U ' K /11/
_A

2~P^ÔJk2-U?=,Bp(p,)

X N

lim L V • ([1 - efVu)Jk2-^_,BJp,)

„élim/ (\-euf(-d2uàxl+dxuàx2), (5.2)
2jZ[t>^0JdBf(p,)

where Bp(pf) is the disk in R2 centered at p3 with radius p > 0 (j 1,2,- ¦ ¦ ,N) and
the path integrals are all taken counterclockwise. Note that the above is valid because

the path integral along a circle around infinity vanishes due to the exponential decay
estimate obtained in Theorem 3.1.

Since we can write u near x Pj in the form

u(x) ln\x-pj\2Afj(x), f,£Cx'(Bp(p])), j l,2,---,N, (5.3)

where p > 0 is small, we get from inserting (5.3) into (5.2) that E 2XirN as stated
in Theorem 2.1.

6 On a general Abelian Higgs model
The multi-soliton solution obtained earlier for the Chern-Simons model can
conveniently be used to construct a solution for the general self-dual Abelian Higgs
equations discovered in [3]. To see this, we rewrite these equations as follows,

Dx<p iD2f>, (6.1)

F12 i(DxcPD2J-D2f>D]J)+l-X(l-\<p\2)2. (6.2)

Although this system is similar to (2.1), (2.2), it is hard to approach it directly because

there is lack of a variational structure. Indeed, we may follow the same procedure as

that for the Chern-Simons system to transform (6.1), (6.2) into the elliptic equation

N
(1 - eu)Au - e"|Vu|2 -A(l - e")2 + 4tt Y 5p, (6-3)

over R2. Using the substitution (3.6) again, (6.3) becomes its equivalent form,

N
Aw -X(l-eG{-w))2 + AT7Y^P, (6-4)

3=1
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in the category of negative solutions. Thus, with (4.1) and w wa + v, (6.4) becomes

Av -X(l-eG{W0+v))2+g0- (6.5)

Unlike (4.2), which is the variational equation of the energy functional (4.8), (6.5)
does not enjoy such a structure. Thus the energy method used earlier to control the
iterative sequence defined by (4.3)-(4.5) fails here. Nevertheless, we now show that
we can avoid such an approach by using a convenient subsolution of (6.5) obtained
for the Chern-Simons equation.

In fact, let -uCs be the solution of (4.2) satisfying luo + ucs < 0. Since eG(wo+vcs) < l,
we have

Avcs > -A(l - eG{W0+v^)2 + g0,

which implies that vqs is a subsolution of (6.5). As before, we already know that
—Wo is a (distributional) supersolution of (6.5). Therefore we can slightly modify
the scheme (4.3)-(4.5) to get a solution, v, for (6.5), satisfying vqs < v < —Wo. In
particular, v 0 at infinity. In this way the governing equation (6.4) or (6.3) is again
solved. Other details are omitted.

We remark that our procedure here works also for the classical Abelian Higgs
model solved previously by a direct variational method in [11]. Indeed, we may
use a topological solution [18] of the self-dual Chern-Simons equations [9, 10] as a

subsolution and a solution to the Abelian Higgs model is thus reproduced.

The discussion of this section suggests that the self-dual Abelian Higgs equations
may be regarded as been covered by the Chern-Simons equations, classical or general.
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